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Abstract 

Various familiar expressions for the gravitational energy-momentum complex are derived 
from a generalised superpotential for arbitrary weight. 

In order to obtain in Einstein's gravitation theory (Einstein, 1916) balance 
of  energy-momentum for a system of matter in a gravitational field, a complete 
energy-momentum complex 

is introduced. The matter tensor T~ occurs in the field equations 

G v = -KT~ (2) ~t 

and the affine tensor ,¢t~ of the gravitational field is (as a function of the 
metric tensor g~o)derived from a Lagrangian in such a way that the density 
~](--g)E®~ of weight I satisfies the divergence relation 

[qC-g)ee l.v = o ( 3 )  

If we eliminate T~ in (1) by means of  the field equations (2), eO~ appears as a 
function of the metric tensor and its derivatives only, and the conservation law 
(3) then holds identically. Therefore ~/(-g)eO~ may be written as a divergence 
of an antisymmetric superpotential. 

On the other hand we may start with a superpotential so that the divergence 
gives an affme tensor density which satisfies the divergence relation (3). This 
conserved quantity is conceived as the complete energy-momentum density and 
the contribution of the gravitational field is then obtained by subtracting the 
matter tensor. 

In this paper we shall construct conserved affine tensor densities of arbitrary 
weight as a function of  the curved metric tensor gaa (and its derivatives). The 
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expressions for EO~ (Einstein, 1916), BO ~u (Bergmann & Thomson, 1953), 
/ O  ~v (Landau & Lifshitz, 1951) and M®~ ~l~IIer, 1958) are found to be 
special cases of  the constructed quantities. 

In general the aft'me tensor density of  weight n 

( X / - g ) n O .  u)' = HUV°,o (4) 

satisfies the conservation condition of  weight n 

[6/-gy'OnUVl,v = 0 (5) 

if the superpotential satisfies the antisymmetry condition 

H #v° = - H  ~°v (6) 

The tensor density with mixed indices ( ~ / - g ) n g ~ o O n ° V  defined by ordinary 
index lowering is not conserved because guv, o ¢ O.t Therefore 

( ~ / - g ) " O n " u  = ( g v ~ W ' ° ) , o  = ( x / - g ) ' g . , O , , * "  * n , , o  - gur .a '"  (7) 

will be considered as the appropriate mixed form of expression (4). 
With the help of the tensor~: 

#"o" - # " g O ~  - # o : ~  (8 )  

with symmetry properties 

g#uor = gUUro = gOrUv = _g~OVr etc. (9) 

we construct from the field variables ga# and their first derivatives the follow- 
hag superpbtentials, which satisfy the required anti-symmetry property (6) 
(because of(9)): 

+ ,~o = ½( j_gy .g~O.gO~g~. ,  (lO) 

X n  uv°  = ½(x/-g)n gOV°r gUC* grc,, o (1 I) 

"~n "'° = ½(~/-gr¢"°Og'°g..., = (,/-g'/':'°'rO, (12) 

The general form of the superpotential H uu° is a linear combination of these 
affhae tensor densities of weight n (I0), (1 I) and (12) 

(~/--g)"On ~" = @t'n""'  + t~Xn""" + ~ +  ~'""~ . = n  +,o (13 )  

The gravitational part tn uv of the complete energy:momentum complex On uv 
is in analogy to (1) determined by 

On u" = r"* '  + tn ~ (14 )  

t Papapetrou (Papapetrou, 1948) gets round this difficulty by introducing a flat 
metric n ~  (with n~u, o = 0). 

t Notice that RUv = guarp(l~ap, r - r~aa~r). 
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The indices of T ~v are lowered and raised in the usual way. tn uv contains only 
first-order derivatives of the metric tensor if the coefficients a, 3, 7 in (13) 
satisfy the condition 

(15) 

For n = 1, equation (13) leads, with the choice (15) and c~ = - ( I / r ) ,  to the 
Bergmann expression B~) uv (Bergmann & Thomson, 1953) and, according to 
(7), the Einstein expression gO~ (Einstein, 1916) is just the mixed form of 
BO uv. For n = 1, with 

1 
o~ = ~ = 0 and 3 = - (16) 

K 

(13) leads to the'contravariant form of the M611er complex (M6Uer, 1958). 
None of  these complexes are symmetric. The formulation of angular momen- 
turn in terms of a non-symmetric cher t -momentum complex may involve 
difficulties. A complex O~ v in (13) is symmetric if 

for n =/: 0: - ~ = 3 = 2 7  
n 07)  

forn  =0:  - a  =3;  7 =0  

Now we choose ~t = - ( I / x )  in agreement with the convention used in equation 
(2). Then (13) becomes, with (17), 

(x/-gY' 2tOn w = (18) 

where the bar denotes that the tensor is symmetric. From (18) follows 

2tOn uv = 2tOo uv +nH vv (19) 

in which 
v a ~ e  

2rOot~V = gU ,to (20) 

and 

u u v - o v o r o r , u  r a  +gUV°r ( (n -  2)F~PrOo - 2Porr,,p~ o +nFoa , r} (21)  
* *  - - 6  * ~ ' # - - 0 O t  

where the bar over the whole expression with free indices p and v denotes the 
symmetric combination 

A av =A ~'p +A V~ (22) 

In a coordinate system with x / -g  = 1, as initially chosen by Einstein (Einstein, 
1916), one has Fo~a = 0. Then H g'° = 0 and the difference between tensors and 
their densities disappears as it should do. 

In order to find the gravitational term r uv we rewrite the field equations 
(2), by using equation (14) 

2G u~ = - 2KOn/~u + 2rtn ~v (23) 
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Some algebra shows that the left-hand side of (23) can be written as 
w 

2GUU ~ u v o r  4. a ~ ' o r p f p l ~  lpa  ta a 4 -e , c~rPrPl  ~ p v  
= - - ~  , o r  - a  t - - o a - - r p  + [ ' a p r r ~ )  - ~  - - ~ p - - e r  

+,,u~'artv~ PP a p + 2 r g r r g  ° - 2 r ~ , , , r )  (24) 6 t--ap--ar + l 'aaPrp 

From (20), (23) and (24) it immediately follows that 

2 g t o  u "  =gvarP(['gaFgp + rapFra)  -~, - ° p - o r  
u o r  ~ p ~ P ~ P + g '  ( r o o r , ,  + r o ~ r , o  + 2 r o J , o  - 2 r g , . O  (25) 

In analogy with equation (19) the gravitational tn uv, because of (14), can be 
written as 

2gtn uv = 2gto uv + n i t  uu (26) 

Now the general expression for the symmetric affine tensor of the gravitational 
field is determined by equations (26), (25) and (21): 

2rtnu~ = g u a r p  ~ [roarrp  + (1 - n ) r g o P ~  ] * ~ a o r r .  r v  

. . , uva r r r a  rp  +2(1 - n ) r g J g  o +(1 - n)2ro~r ,p  ° p 

+ ( n  - 2)rg,.~.] (27) 

Landau and Lifshitz (Landau & Lifshitz, 1951) define the gravitational 
term as the difference between the expressions for G~'a/K in a local inertial 
system (guy, a = 0) and an arbitrary system of reference respectively. As a 
consequence L tar is Symmetric and disappears in a local inertial system. 
Therefore, L trio containsonly first-order derivatives of the metric tensor. It 
follows from (27) that ~v  is the only symmetric expression, which contains 
no second-order derivatives of gate. So it is obvious that z.O ~-° (= O2V° ) leads 
to a conservation condition of weight 2. The physical significance of a density 
of weight n 4= 1 is not quite clear. Furthermore, these densities have physical 
significance only when integrated over the spatial coordinates with appropriate 
asymptotic conditions. These integrated quantities can be considered as the 
energy-momentum of the total system under the usual requirements. 

In case a fiat reference system is introduced (for example with respect to 
fiat asymptotic conditions), the Minkowski metric tensor rt uv may be used in 
addition to the curved guy for the construction of a still wider class of super- 
potentials. All factors gKX (but of course not their derivatives) in (8) and (10), 
(11) and (12) might be replaced by the corresponding r/*x. Condition (17) 
then reduces to -e ,  = 13. With the choice (15) and n = 0 this leads to Weinberg's 
energy-momentum complexweUV (Weinberg, 1972). 

Further investigation is needed to see which of the proposed expressions 
for the complete energy-momentum density of a certain weight (symmetrical 
or not) has preference, for example on the grounds of the criteria mentioned 
in M¢ller (M~ller, 1966). 
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